We study the well-known Bogomolny's equations, in general coordinate system, for monopoles and dyons in the SU (2) Yang-Mills-Higgs model using the BPS Lagrangian method. We extract an explicit form of BPS Lagrangian that yield these Bogomolny's equations. We generalize this BPS Lagrangian by adding scalar fields-dependent couplings into each of its terms and use this generalized BPS Lagrangian to derive Bogomolny's equations for monopoles and dyons in the generalized SU (2) Yang-Mills-Higgs model which contains additional scalar fields-dependent couplings compared to its corresponding canonical model. There are additional constraint equations comming from the Euler-Lagrange equations of the generalized BPS Lagrangian, that can be considered as the Gauss's law constraint equations in the BPS limit which is a limit when the Bogomolny's equations are satisfied. In the case of monopoles, these constraint equations are trivial while for the case of dyons they are non-trivial. Unfortunately, in the Julia-Zee ansatz these constraint equations imply the scalar fields-dependent couplings to be constants in which their solutions are the standard BPS dyons. The existance of generalized BPS dyons may require a different ansatz that mutually solves the Bogomolny's equations, the constraint equations and an equation that relates all the scalar fields-dependent couplings.
Yang-Mills-Higgs model considered in this article, the first-order formalism has been used to derive the generalized Bogomolny's equations for monopoles in which the solutions are called generalized BPS monopoles [9] . These Bogomolny's equations exist only if a relation between scalar fields-dependent couplings between kinetic terms of gauge fields and of scalar fields is satisfied. On the other hand, the BPS Lagrangian method has been used to rederive the Bogomolny's equations for monopoles and to derive the Bogomolny's equations for dyons, which exist only if a more general relation between the scalar fields-dependent couplings is satisfied [10] . However, all those derivations rely on a particular hedgehog ansatz, namely 't Hooft-Polyakov ansatz and Julia-Zee ansatz respectively for monopoles and dyons. It may then necessary to find the Bogomolny's equations for monopoles and dyons in general coordinate system, namely without a priori taking any ansatz, in order to study other possible soliton solutions.
In this article we would like to derive the Bogomolny's equations for monopoles and dyons in the generalized SU (2) Yang-Mills theory and to verify if the relation between the scalar fields-dependent couplings obtained in [10] is still hold in general coordinate system. For this matter, we will use the BPS Lagrangian method and generalize its procedures in order to work in general coordinate system. At first, we will employ it to the case of the SU (2) Yang-Mills-Higgs model and derive its corresponding BPS Lagrangian using the fact that we already had the well-known Bogomolny's equations for monopoles and dyons, in general coordinate system, at our disposal. We then generalize the BPS Lagrangian, by adding scalar fields-dependent couplings into each terms of the BPS Lagrangian, and use this generalized BPS Lagrangian for deriving the Bogomolny's equations for monopoles and dyons in the generalised SU (2) Yang-Mills-Higgs model.
The Generalized SU(2) Yang-Mills-Higgs Model
In this article we will consider the generalized SU (2) Yang-Mills-Higgs model with the following Langrangian density [9, 10] 
where w, G > 0 and V ≥ 0 are functions of scalar fields, with |Φ| = 2Tr (Φ) 2 ; ] ; and µ, ν = 0, 1, 2, 3 are spacetime indices with metric signature (+ − −−). In terms of components, the gauge and scalar fields are
with a = 1, 2, 3 and τ a are the Pauli matrices. In the literature, the solutions for monopoles and dyons were mostly found by taking the following Julia-Zee ansatz 
BPS Lagrangian Method in General Coordinate System
Let us first consider the SU (2) Yang-Mills-Higgs model by taking G = w = 1 into the Lagrangian density (2.1), which can be written in terms of E i and B i as
where i = 1, 2, 3 is the spatial indices. The next step in the BPS Lagrangian method is to write the BPS Lagrangian density. The BPS Lagrangian density initially consisted of terms that are linear in the first-derivative of fields with additional condition that they are "boundary" terms, which its Euler-Lagrange equations are trivial [17] . It was then extended to contain the terms that are quadratic in the first-derivative of fields [18] . Furthermore, it can be generalized to contain terms that are polynomial in the first-derivative of fields, or in general terms that are not necessary "boundary" terms as such its Euler-Lagrange equations are non-trivial [19] . These Euler-Lagrange equations will then be constraint equations that must be considered in finding the solutions. However so far the BPS Lagrangian density has been written under certain ansatzs, such as (2.3), in the spherical coordinate system. Generalizing to general coordinate system would then implies the BPS Lagrangian density with massive terms and hence making the computation to be more complicated. For particular case of the SU (2) Yang-Mills-Higgs model, we will make use of the well-known Bogomolny's equations for monopoles and dyons [8, 20, 21] to derive the BPS Lagrangian that would lead to these Bogomolny's equations.
Using the Bogomony's trick [8] , one can obtain the well-known Bogomolny's equations for monopoles and dyons by squaring the Energy density [20, 21] ,
with α is a real constant. In addition there is one constraint equation that must be considered in order to find the solutions and that is the Gauss's law constraint,
which is essensially the Euler-Lagrange equations for the gauge scalar potential A 0 . Using these Bogomolny's equations, we can rewrite the Lagrangian density (3.1) to be
In the BPS Lagrangian method we set L − L BP S = 0 in the BPS limit, which is the limit where the Bogomolny's equations (3.2) are satisfied, and thus implies the BPS Lagrangian density
So here we find that the BPS Lagrangian density consists of terms proportional to
Furthermore setting all terms in L − L BP S to be zero gives us the Bogomolny's equations (3.2) in which here their solutions shall be called the standard BPS monopoles and dyons, respectively for α = 0 and α = 0 with 0 ≤ α ≤ π/2. Now let us write a slightly more general BPS Lagrangian density, than the previous one, as follows
where now α and β are arbitrary constants. We would like to prove that the Bogomolny's equations (3.2) and also the Gaus's law constraint (3.3) can be rederived using this BPS Lagrangian density. Taking L − L BP S = 0 and setting all terms to be zero gives us Bogomolny's equations
One can show that Euler-Lagrange equation of the first term in the BPS Lagrangian density above is trivial using the Bianchi identity D i B i = 0 and a relation [
, and hence it is indeed a "boundary" term while the remaining terms turn out to be "nonboundary" terms which contribute to the Euler-Lagrange equations of the BPS Lagrangian density: for Φ,
and for A 0 ,
The equations (3.8), (3.9), and (3.10) are additional constraint equations, in addition to the Bogomolny's equations (3.7), that must be considered in finding solutions for monopoles and dyons. With these additional constraint equations, we seem to have more equations than the number of fields to be solved. In the BPS limit, in which the BPS equations (3.7) are satisfied, these additional constraint equations can be simplified, respectively, to
where we have used the fact that
In this form, we could reduce the number of constraint equations by setting α 2 + β 2 = 1 in which now there is only one constraint equation
For this remaining constraint equation if we set α = 0 then the constraint equation becomes D i D i Φ = 0. Pluging it into the BPS equations (3.8) implies D i F 0i = 0 which is the Gauss's law constraint in the BPS limit, with D 0 Φ = 0. Now if we set α = 0, or β 2 = 1, then the constraint equation (3.14) is trivial and also the BPS equations (3.7) imply E i = F 0i = 0 which make the Gauss's law constraint (3. 3) trivial in the BPS limit. Therefore the constraint equation (3.14) can be considered as the Gauss's law constraint equations (3.3) in the BPS limit.
Generalized BPS Monopoles and Dyons
Following the previous sections now we may consider a more general BPS Lagrangian density to derive Bogomolny's equations for monopoles and dyons in the generalized SU (2) Yang-Mills-Higgs model (2.1), which is given by
where now α ≡ α(|Φ|), β ≡ β(|Φ|), and γ ≡ γ(|Φ|) are arbitrary functions of |Φ|. In this case
Now in the BPS limit L − L BP S = 0 which implies all terms on the right hand side of (4.2) should be zero. Since G, w = 0, the first three terms should be identified as the Bogomolny's equations
and D 0 Φ = 0, along with V = 0. The fourth term could be zero when we set D i Φ = 0, but this will make the Bogomolny's equations (4.3) and (4.4) trivial. So for this term we should take
Additionally there are also constraint equations comming from the Euler-Lagrange equations of the BPS Lagrangian density (4.1), which are: for Φ,
for A 0 ,
As shown in the previous section, we write these constraint equations in the BPS limit namely by substituting the Bogomolny's equations (4.3), (4.4), D 0 Φ = 0, and V = 0, together with the equation (4.5). The constraint equations are now simplified, repectively, to
where now ′ ≡ ∂ ∂|Φ| . One way to reduce the number of constraint equations is by taking G w = α 2 + β 2 and setting β to a constant as such now the constraint equation (4.10) is trivial. The constraint equation (4.9) then now becomes
Generalized BPS monopoles
Let us first consider the case of monopoles in which E i = 0 and B i = 0. In this case, from the Bogomolny's equations (4.3) and (4.4), α = 0 and β = 0. This then implies that all of the constraint equations should be trivial or in another words the Gauss's law constraint equations are trivial in the BPS limit. The scalar-dependent couplings G and w are related by Gw = β 2 . We know β is a constant so it should be independent of the functions G and w. Comparing to the case of SU (2) Yang-Mills-Higgs model, with G = w = 1, we should set β = ±1 and so the relation becomes G = 1/w which equal to the one obtained in [9, 10] . So for the case of monopoles the Bogomolny's equations are
with V = 0 and G = 1/w. We call the Bogomolny's equations (4.13) with non-constant w and G, as the generalized Bogomolny's equation for monopoles whose solutions shall be called generalized BPS monopoles. The generalized BPS monopoles have been calculated for some particular forms of the scalar-dependent couplings in [9] . It is easy to show that by substituting the ansatz (2.3) into the Bogomolny's equations (4.13) we will get the Bogomolny's equations for monopoles obtained in [9, 10] therefore the Bogomolny's equations (4.13) are indeed the general coordinate extension of those Bogomolny's equations for monopoles.
Generalized BPS dyons
In the case of dyons, where E i = 0 and B i = 0, or α = 0 and β = 0, the constraint equations are not all trivial unlike in the case of monopoles. Here there are still remaining two constraint equations (4.11) and (4.12) . We could reduce the number of constraint equations by taking wα ′ = αw ′ , or α ∝ w, and then the constraint equation (4.12) will be equal to the constraint equation (4.11). With the same fashion as in the case of monopoles, we may consider the constraint equation (4.11) as the Gauss's law constraint equations, for the Lagrangian (2.1), [20, 21] . Here we may conclude that the Julia-Zee ansatz (2.3) is not suitable in order to find generalized BPS dyons, where w and G are not constants. Should the generalized BPS dyons do exist then they must solve simultaneously the generalized Bogomolny's equations 5
and a relation w
Here we obtain a similar relation between the scalar fields-dependent couplings that was first derived in [10] and thus the relation equation there is also valid in the general coordinate system.
Stress-Energy-Momentum density tensor
The stress-energy-momentum density tensor of the Lagrangian (2.1) is defined as
(4.20)
In the BPS limit, the energy density is
while the momentum density is trivial, T 0i = 0, and the stress density tensor is given by
By recalling G w = α 2 + β 2 and η ij ≡ −δ ij , it is easy to show that this stress density tensor is also trivial. So clearly the generalized BPS monopoles and dyons are pressureless.
Discussions
We have shown how to derive the Bogomolny's equations (4.18) , in general coordinate system, for monopoles and dyons in the generalized SU (2) Yang-Mills-Higgs model (2.1) using the BPS Lagrangian method. Instead of taking general forms of the BPS Lagrangian density, we took an advantage of the well-known Bogomolny's equations (3. 2) in order to get all possible terms of the BPS Lagrangian density that would lead to these Bogomolny's equations. We generalized this BPS Lagrangian density by adding scalar-dependent couplings to each of its terms and use the resulting BPS Lagrangian density (4.1) to derive the Bogomolny's equations (4.18), with a relation equation between the scalar-dependent couplings. Furthermore we have shown also that the Euler-Lagrange equations (4.19) of the BPS Lagrangian are effectively equal to the Gauss's law constraint equations (4.14) in the BPS limit. We also found the same relation between the scalar-dependent couplings as the one derived in [10] under the Julia-Zee ansatz (2.3).
In the case of monopoles, the Gauss's law constraint equations are trivial in the BPS limit and so in solving the Bogomolny's equations we do not need to worry about these additional constraint equations such as the ones did in [9] using the ansatz (2.3). In the case of dyons, the Gauss's law constraint equations are non-trivial in the BPS limit and so one must take into account the constraint equations (4.11) in solving the Bogomolny's equations. Unfortunately, we found that the Julia-Zee ansatz (2.3) does not permit the generalized Bogomolny's equations for dyons and thus one has to find a different ansatz in order to have the generalized BPS dyons. However, in [10] they obtained the generalized Bogomolny's equations for dyons in the generalized SU (2) Yang-Mills-Higgs model by using the Julia-Zee ansatz (2.3) and by a priori identifiying j = σf , with σ is a real constant. So what really happened there was the computations in [10] started a priori by identifiying the potential scalar A a 0 with the scalar fields Φ a , or namely by taking j = σf , in the effective Lagrangian density. Furthermore, the BPS Lagrangian density there contains only the "boundary" terms, which is less general than the BPS Lagrangian (4.1) used in this article. In this way there would be no constraint equation (4.11) which is essentially the Euler-Lagrange equations of the BPS Lagrangian for A a 0 , or the Gauss's law constraint equations in the BPS limit. Therefore the computations for dyons in [10] are actually incomplete and so we must imposed the Gauss's law constraint equations (4.14) explicitly by hand, which unfortunately do not have the generalized BPS dyons as discussed previously.
The BPS Lagrangian (4.1) is not the most general BPS Lagrangian for the Lagrangian (2.1). Even after imposing the translation and rotational invariants, and also gauge invariant, there are other possible terms that can be added to the BPS Lagrangian (4.1). The first one is a term that are independent to all first-derivative of the fields, or basically it depends only on the scalar fields |Φ|. The second one is a term that proportional to the Tr (D 0 Φ). The third ones are the remaining terms that are proportional to quadratic of first-derivative of the fields which are Tr (E i ) 2 , Tr (B i ) 2 , Tr (D 0 Φ) 2 , and Tr (E i B i ). Similarly, we can add scalar fields-dependent couplings into each of these terms except for the first one since it already depends on the scalar fields. This most general BPS Lagrangian may lead to some exotic BPS monopoles and dyons and furthermore it could produce BPS monopoles and dyons with non-zero stress density tensor like in the case of vortices in the generalized Born-Infeld-Higgs model [18] . However it is beyond the study of this article and it will be investigated elsewhere.
